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Abstract
We evaluate the dynamic aperture for the CERN muon storage ring, and, in partic-
ular, study the effect of magnet fringe fields. The detuning with amplitude is computed
via normal-form analysis. Particle tracking reveals the dependence of the dynamic aper-
ture on betatron tune and momentum offset, and demonstrates satisfactory performance.
The depolarisation in transverse phase space is estimated from a spin normal form. All




In this paper, we investigate the effect of fringe fields and the dynamic aperture in the muon storage
ring [1] of the CERN neutrino factory. Earlier similar studies for the FNAL design revealed a strong
reduction of the dynamic aperture due to quadrupole fringe fields [2, 3, 4]. The transverse normalised
beam emittance in the CERN muon storage ring is assumed to be 1.7 mm mrad, half as large as for
the FNAL design. At 50 GeV, this corresponds to a geometric emittance of about 7   m, or to beam
sizes of a few centimeters. The rms energy spread is 0.5%, again half the FNAL value. An acceptance
of  over a few hundred turns is desirable in both transverse phase space and momentum.
The CERN ring is of triangular shape and includes three straight sections, two of which are used
as neutrino production straights aimed at distant detectors. The magnets in the straight sections are
weakly focusing and the beta functions are large in order to confine the beam divergence. The arcs
exhibits stronger focusing and much smaller beta functions. The magnet apertures vary roughly with
the beam size. Quadrupole bore radii are 89 mm in the straight sections, and 31 mm in the arcs. Pole
tip fields are 0.5 T and 3 T, respectively, and quadrupole lengths 0.35 m in the straight and 0.5 m in
the arcs. The arc dipole field is 6 T. The arcs are equipped with sextupoles for chromatic correction.
Table 1 summarises the relevant parameters. The exponential decay time of the muons corresponds
to about 150 turns.
Table 1: Some parameters of the CERN muon storage ring [5].
beam energy  50 GeV
normalised emittance 	
  1.7 mm rad
rms energy spread ﬁﬀ 0.5%
circumference ﬂ 2068.8 m
betatron tunes ﬃ
  11.250, 12.203
arc quad radius  "! 31 mm
arc quad pole tip #%$&
 ! 3 T
arc quad length '(! 0.5 m
arc dipole field # 6 T
arc dipole length ' 2.9 m
straight-section quad radius  *) 89 mm
straight-section quad pole tip #%$&
 ) 0.5 T
straight-section quad length '() 0.35 m
In COSY the fringe field fall off near the magnet edge can be described by a so-called Enge












which characterises the variation of the dipole or quadruple field with longitudinal position , along
the magnet axis. The scaling parameter ? is the diameter of the magnet bore. The default Enge
coefficients represent measurements of a family of PEP magnets [8]. For example, in case of a
2
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Table name = TWISS
CERN mu-sr, nominal optics
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Figure 1: Optics of the CERN muon storage ring [5].







, and 9"El.mX A X Z>Z-Z>]0 . A different set of coefficients was inferred from TOSCA







, and 9*Eu. 0hA[_>Z  . Figure 2 compares the quadrupole-field fall off for
these two parametrisations.
2 Results
A COSY input file of the muon storage ring was created from the MAD lattice [5] using the MAD-





, and agree with the tunes from MAD [12]. The simulations include three different
types of nonlinearities: fringes, sextupoles and kinematic corrections.
Figure 3 shows the horizontal and vertical phase space obtained by tracking for 1000 turns (tra-
jectories are plotted on every 5th turn) through a 9th order Taylor map representing the entire muon-
storage ring with nonlinear kinematic terms, fringe fields and chromatic-correction sextupoles. The
vertical axis is the horizontal or vertical slope of the particle trajectory, |} or ~n} , in units of rad, and
the horizontal axis is the transverse position, | or ~ , in units of meter. The observation point is at the
center of a defocusing quadrupole in one of the straight sections. All trajectories in Fig. 3 are regular,








-3 -2 -1 0 1 2 3
quadrupole fringe, Brown-Spencer, COSY
quadrupole fringe, Francois Meot
Figure 2: The fall-off of a quadrupole fringe field as a function of the longitudinal distance from the
magnet edge in units of the full magnet aperture, comparing two different models: COSY default
(solid line) and alternative parametrisation of in Ref. [9]. In both cases, the fall-off is described by an
Enge function
+
=,- , Eq. (1), with coefficients quoted in the text. An additional 10% change in the
parameter ? for the second case was also taken into account.
and the dynamic aperture is well above the required 3  .
As discussed in Ref. [3], the tune shifts with amplitude can be obtained from a normal form
analysis in COSY INFINITY. Table 2 lists the linear tune shifts with amplitude calculated by COSY
for four cases: the full lattice including sextupoles and fringe fields, the lattice without fringe fields,
the bare lattice, and finally, the full lattice with a different length for one of the critical matching
quadrupoles (see subsequent discussion). The table shows that the kinematic terms are negligible,
whereas the tune shifts induced by the fringe fields are of the same order of magnitude as those arising
from the chromatic-correction sextupoles. This is also reflected by the size of the tune footprints,
shown in Fig. 4.
The on-energy dynamic aperture for various betatron tunes is illustrated in Figs. 5 and 6. The
trajectories revolve on regular elliptical orbits. Only near the quarter integer resonance we see an
island structure, excited by the fringe fields.
For the FNAL muon storage ring, we have shown that quadrupole fringe fields in the matching
section between arcs and production straight can cause a strong reduction of the dynamic aperture
[3]. Also in the CERN storage ring design, the largest fringe field effect is expected to arise from the
matching section, where the product of quadrupole gradient and squared beam size is much larger than
in the arcs or straights. Figure 7 compares the horizontal phase space at a tune near the 4th integer
resonance for two different lengths (and associated strengths) of matching quadrupole Q3M. The
larger amplitude of the island position, in the right picture, indicates a stronger horizontal detuning
4





















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Figure 3: Horizontal (left) and vertical phase space (right), obtained by 9th order tracking through the
muon storage ring, including nonlinear quadrupole fringe fields and chromatic-correction sextupoles.
Beta functions at the observation point are . Z>^-\Ae]-a m, k. 0>0aA - m, fractional betatron tunes
ﬃ`.X
A[Z>\>^
and ﬃys.X A[Z>f>f . Particles are launched in steps of about 0.5  , and the plot range extends
over about  ^  . The energy offset is zero.
with amplitude for the shorter quadrupole length. This is consistent with the linear detuning in Table
2. The optics of the matching section for the two quadrupole lengths are compared in Fig. 8. Except
for the length of quadrupole Q3M, they are indistinguishable. The dependence of the fringe-field
effect on quadrupole gradient and beta function can be understood from analytical considerations;
see, e.g., Ref. [4], and references therein. Fortunately, in this optics the fringe field effect is rather
benign. It becomes visible only in the immediate vicinity of the 3rd or 4th order resonance.
As indicated in the introduction, the fall off of the magnetic field is not exactly known, until the
magnets have been designed or built. To illustrate the sensitivity to the exact shape of the field fall
off, Fig. 9 compares phase space plots computed with the standard COSY fringe field a` la Brown and
Spencer and for the alternative parametrisation proposed by Me´ot. The unperturbed tunes without
Table 2: Linear tune shift in various configurations, for fractional betatron tunes of ﬃy@.X A[Z>\>^ and
ﬃs.X
AeZ-f>f
. The bare lattice contains kinematic terms only.

Length of matching quadrupole Q3M(T) reduced by a factor of two.
tune shift ;ﬃy--; ﬃy>> ﬃ*>
sexts. & fringe fields 152 c 68 200
sexts. w/o fringe fields 44 c 180 104
bare lattice 5 3 5

































































































































































































































































































































































































































































































































































































































































































































































































































Figure 4: Tune foot print for horizontal and vertical starting amplitudes up to 3  , calculated from
5th order normal form. The two axes display the horizontal and vertical fractional tunes. Top left:
full lattice including sextupoles and fringes; top right: only fringes; bottom left: full lattice including
sextupoles but without fringe fields; bottom right: bare lattice.
fringe fields are 0.254455 and 0.28730. With the default COSY fringe field [8], on the left, the tunes
are shifted to ﬃ.X A[Z>^  ^>Z and ﬃys.X A[Z>_>a-f>f , whereas the tunes obtained using Me´ot’s fringe field,
in the right picture, are ﬃ`.X A[Z>Z>\-^>^ and ﬃys.X AeZ>]  a X .
We recall that the energy acceptance of the ring should be as large as  1.5%. The next series
of phase space plots illustrates the dynamic aperture for off-energy particles, obtained by tracking
through an energy dependent 8th order map. Figures 10 and 11 depict the horizontal phase space for
energy offsets of c 0hA[a % and 1@0hAea %, respectively, with various values of the horizontal tune spanning
a total ﬃy range of 0.1. For tunes between the fourth and third integer resonance, the dynamic aperture
is about 2–2.5  . Figures 12 and 13 depict the equivalent pictures for the vertical plane. The next four
figures, 14–17, are phase space plots for exactly the same conditions as the four previous figures,
but calculated without any fringe fields. Except near low-order resonances, no limit on the dynamic
aperture can now be seen within ^  . Thus, the fringe fields do have some influence on the dynamic
aperture for off-energy particles.
However, when physical aperture restrictions are taken into account, the fringe-field effects may
6





































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Figure 5: Horizontal phase space with 9th order map including sextupoles and fringe fields for several
values of the horizontal tune, varying from 0.25 to 0.35 in steps of 0.02. Each plot extends over  ^  .
no longer be relevant. This is demonstrated in Figs. 18 to 21, which again show the situation without
fringe fields, this time simulated by MAD and including, at every magnet, a physical aperture of  ,
i.e., three times the rms beam beam size. Evidently, the dynamic aperture induced by the fringe fields,
as computed by COSY in Figs. 11 etc., lies outside the physical aperture.
7





























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Figure 6: Vertical phase space with 9th order map including sextupoles and fringe fields for several
values of the vertical tune, varying from 0.20 to 0.30 in steps of 0.02. Each plot extends over  ^  .










































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Figure 7: Horizontal phase space near the 4th integer resonance for two different lengths of Q3M, a
quadrupole in the matching section, as obtained by 9th order tracking including chromatic-correction
sextupoles and quadrupole fringe fields. Left: nominal optics with length of quadrupole Q3M equal
to 2 m; right: Q3M length reduced to 1 m and corresponding increase in quadrupole gradient. The
horizontal beta function at the observation point is . Z>a X m. The horizontal tune is the same for
the two cases: ﬃy.YX AeZ-a>^ . Particles are launched in steps of about 0.5  , and the plot range extends
over 
^
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Figure 8: Optics of the matching section in the CERN muon storage ring; nominal (left) and an older
version with shorter length of quadrupole Q3M (right) [5].



































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Figure 9: Horizontal phase space for two different parametrisations of the fringe-field fall-off, as
given by Brown and Spencer (left) [8], and assumed by Me´ot (right) [9]. The tracking was performed
with COSY INFINITY including the linear component of the fringe field (COSY option FR3), and
considering the case with a shorter Q3M quadrupole length of 1 m. The horizontal beta function
at the observation point is ¢. Z>a X m. The unperturbed tunes without fringe fields are 0.254455




^>\>a (right). In both cases, particles are launched in steps of about 0.5  , and the plot
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Figure 10: Horizontal phase space with 8th order map at a constant energy offset of c 0qAea % for several
values of the horizontal tune, varying from 0.25 to 0.35 in steps of 0.02. Each plot extends over  ^  .
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Figure 11: Horizontal phase space with 8th order map at a constant energy offset of 1@0hA[a % for several
values of the horizontal tune, varying from 0.25 to 0.35 in steps of 0.02. Each plot extends over  ^  .




































































Figure 12: Vertical phase space with 8th order map at a constant energy offset of c 0hA[a % for several
values of the vertical tune, varying from 0.20 to 0.30 in steps of 0.02. Each plot extends over  ^  .























































Figure 13: Vertical phase space with 8th order map at a constant energy offset of 1@0hA[a % for several
values of the vertical tune, varying from 0.20 to 0.30 in steps of 0.02. Each plot extends over  ^  .
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Figure 14: Horizontal phase space with 8th order map, not including fringe fields, at a constant energy
offset of c 0hA[a % for several values of the horizontal tune, varying from 0.25 to 0.35 in steps of 0.02.
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Figure 15: Horizontal phase space with 8th order map, not including fringe fields, at a constant energy
offset of 1@0hA[a % for several values of the horizontal tune, varying from 0.25 to 0.35 in steps of 0.02.




































































Figure 16: Vertical phase space with 8th order map, not including fringe fields, at a constant energy
offset of c 0hAea % for several values of the vertical tune, varying from 0.20 to 0.30 in steps of 0.02.
Each plot extends over  ^  .
Finally, we look at the preservation of polarisation. The spin decoherence caused by different
energies may be controlled via momentum compaction factor, rf frequency and rf voltage [13]. The
spins can also decohere due to differences in the particle orbits. This second question is addressed
in Fig. 22, which displays the variation of the © -axis and the variation in spin tune for trajectories
extending up to ` in transverse phase space. The non-vertical components of the © axis vary
by less than 0.5%, and the spin tune only by about 0 – Zª«0 X¬ E . From this, we estimate that the net

























































Figure 17: Vertical phase space with 8th order map, not including fringe fields, at a constant energy
offset of 1@0hAea % for several values of the vertical tune, varying from 0.20 to 0.30 in steps of 0.02.
Each plot extends over  ^  .
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Figure 18: Horizontal phase space computed by MAD tracking at a constant energy offset of c 0hA[a %
for several values of the horizontal tune, varying from 0.25 to 0.35 in steps of 0.02, and with a physical
aperture of  at every magnet. Each plot extends over  ^  . Fringe fields are not included.
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Figure 19: Horizontal phase space computed by MAD tracking at a constant energy offset of 1@0hA[a %
for several values of the horizontal tune, varying from 0.25 to 0.35 in steps of 0.02, and with a physical
aperture of  at every magnet. Each plot extends over  ^  . Fringe fields are not included.
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Figure 20: Vertical phase space computed by MAD tracking at a constant energy offset of c 0hA[a %
for several values of the vertical tune, varying from 0.20 to 0.30 in steps of 0.02, and with a physical
aperture of  at every magnet. Each plot extends over  ^  . Fringe fields are not included.
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Figure 21: Vertical phase space by MAD tracking a constant energy offset of 1@0hA[a % for several values
of the vertical tune, varying from 0.20 to 0.30 in steps of 0.02, with a physical aperture of > at every


























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Figure 22: Spin footprints for the CERN muon storage ring. Shown are the longitudinal and horizontal
components of the © -axis for transverse coordinates extending up to ` (top) and the spin tune [the
rotation frequency around the © axis] as a function of starting coordinates in units of  (bottom). The
spin normal-form analysis was performed to 4th order.
17
3 Conclusions
The dynamic aperture of the CERN muon storage ring is larger than the physical aperture (chosen as
3 times the rms beam size) at almost all betatron tunes. This holds true even for the maximum mo-
mentum error of  0hA[a %. Fringe fields are marginally important in the matching section between arcs
and straights, where they could affect the dynamic aperture if the quadrupole magnets are shortened
or if the real field fall off of the magnets deviates largely from our assumption. The depolarisation
due to the dependence of © axis and spin tune on transverse coordinates is negligible.
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